Abstract-We investigate analytically the asymptotic behavior of high-order spurious prolate spheroidal modes induced by a second-order local approximate DtN absorbing boundary condition (DtN2) when employed for solving high-frequency acoustic scattering problems. We prove that these reflected modes decay exponentially in the high frequency regime. This theoretical result demonstrates the great potential of the considered absorbing boundary condition for solving efficiently exterior high-frequency Helmholtz problems. In addition, this exponential decay proves the superiority of DtN2 over the widely used Bayliss-Gunsburger-Turkel absorbing boundary condition.
INTRODUCTION
A prerequisite step for solving numerically exterior Helmholtz problems using a domain-based formulation such as finite element methods (FEM) or finite difference methods (FDM) is the reformulation of this class of problems in a bounded domain. This is often accomplished by surrounding the given scatterer(s) (or radiator) by an artificial boundary that is located at some distance (measured in multiples of wavelength of interest) from its surface. A so-called "absorbing" boundary condition is then prescribed on the artificial boundary to represent the "far-field" behavior of the scattered field. The main difficulty here is the design of a simple (in terms of implementation in a FEM code), reliable, and cost-effective boundary condition able to "mimic" the far-field behavior of the scattered. Clearly, the efficiency of such a boundary condition has a tremendous impact on the accuracy, the computational complexity, as well as on the cost-effectiveness of any solution methodology for this class of wave problems that are very important to many applications such as sonar, radar, geophysical exploration, nondestructive testing, etc.. Given that, various absorbing boundary conditions have been designed for over half a century, and the quest for such conditions is still ongoing (see, e.g., the review by Turkel in [20] and the references therein).
Recently, the authors proposed a new absorbing boundary condition based on a local approximation of the Dirichlet-to-Neumann (DtN) operator [3, 17] . This condition distinguishes itself from existing absorbing boundary conditions in many aspects. First, the new local second-order approximate DtN boundary condition, denoted by DtN2, is particularly well adapted for elongated scatterers (e.g., submarines) which is not the case for the standard approximate DtN boundary condition [10, 12] . Indeed, the latter condition requires the shape of the artificial boundary to be circular/spherical, and therefore often leads to larger than needed computational domains, which hampers computational efficiency. Second, the new DtN2 boundary condition is exact for the first two modes, easy to implement and to parallelize, and more importantly compatible with the local structure of the computational finite element scheme. The results pertaining to the performance analysis of the proposed DtN2 boundary condition in the low frequency regime reported in [3, 17] , revealed that DtN2 is (a) very accurate regardless of the slenderness of the boundary of the computational domain, and (b) outperforms the widely-used second-order Bayliss-Gunzbürger-Turkel (BGT2) absorbing boundary condition [5] when expressed in prolate spheroidal coordinates [15, 16] . The situation is similar in the high-frequency regime, as indicated by the results of both the numerical and the analytical investigations reported in [4] . Nevertheless, it has been demonstrated that DtN2 produces reflected prolate spheroidal modes at the exterior boundary. However, it has been established that these spurious modes decayfortunately-faster than 1/(ka) 15/8 (where k is the wavenumber and a the semi-major axis of the prolate spheroidal-shaped scatterer) [4] .
The purpose of this work is to conduct an analytical study of the behavior of the high-order spurious modes induced by the new DtN2 boundary condition, and to establish a sharper estimate that provides a better understanding on their asymptotic behavior in the high-frequency regime. We prove that all the high-order reflected prolate spheroidal modes (whether they are propagating, evanescent, or grazing modes) decay -in fact -exponentially as ka tends to ∞. This result is very important to the performance of this absorbing boundary condition since it shows that the effect of these spurious waves on the accuracy level -if any -is negligible in the high frequency regime. Hence, this result provides practitioners with the needed confidence to employ the proposed boundary condition on artificial boundaries that are "close" to the considered scatterer's boundary, leading therefore to small computational domains. Note that the situation is not the same in the case of the standard DtN2/BGT2 boundary conditions (recall that in 3D, the standard DtN2 and BGT2 conditions coincide [11] ). More specifically, in the high-frequency regime, the high-order spurious modes (whether they are propagating, evanescent, or grazing modes) created by the standard BGT2/DtN2 boundary condition do not decay, as observed in [2] , requiring therefore to place the artificial boundary very far from the obstacle to avoid the deterioration of the accuracy level due to the possible contamination of these non physical modes. Consequently, the present study demonstrates analytically the superiority of the new DtN2 boundary condition designed for prolate spheroidal boundaries over the standard BGT2/DTN2 boundary condition. Recall that previous numerical studies [3, 4, 17] have already indicated that the new DtN2 boundary condition outperforms the standard BGT2/DTN2 boundary condition. Hence, this study suggests DtN2 to be the primary absorbing boundary condition to be employed when solving high-frequency acoustic scattering problems by elongated scatterers. Note that the suggested boundary condition can also be used in the case of two-dimensional scattering problems by electromagnetic waves since such problems can be formulated using the Helmholtz equation, the Dirichlet (resp. Neumann) boundary condition on the scatterer(s) for the scattered field with E-polarization (resp. H-polarization), and the Sommerfeld condition [6] .
The remainder of this paper is as follows. First, we specify in Section 2 the nomenclature and assumptions, and formulate the considered three-dimensional acoustic scattering problem in a bounded domain using the new local approximate DtN2 absorbing boundary condition proposed in [3, 17] . Then, we announce in Section 3 the main result of this paper. Section 4 is devoted to the proof of the result. It is based on three steps, each step is formulated as a Lemma. Concluding remarks are presented in Section 5. Appendix A dedicated to the classification of the prolate spheroidal modes is included only for completeness.
PRELIMINARIES

Notations
Throughout this paper, we use the prolate spheroidal coordinates (ξ, ϕ, θ) related to the cartesian coordinates (x, y, z) by:
where ϕ ∈ [0, π) and θ ∈ [0, 2π). The parameters a and b are respectively the semi-major and the semi-minor axes of the considered prolate spheroid, and are given by a = f cosh ξ and b = f sinh ξ where ξ is strictly positive and the real number f is called the interfocal
In addition, we adopt the following notations:
• Ω is a prolate spheroidal-shaped scatterer whose surface is denoted by Γ. Ω e is the open complement in R 3 of the domain Ω.
• a Γ (resp. b Γ ) represents the semi-major (resp. semi-minor) axis of the scatterer Ω, and e Γ its eccentricity.
• Σ is an artificial boundary surrounding the scatterer Ω. Σ is assumed to be a prolate-spheroid surface.
• a Σ (resp. b Σ ) is the semi-major (resp. semi-minor) axis of the prolate spheroidal-shaped domain whose exterior surface is Σ with an eccentricity denoted by e Σ .
• Ω b is a bounded computational domain whose interior (resp. exterior) boundary is Γ (resp. Σ), as illustrated in Figure 1 .
• ∆ Σ is the Laplace Beltrami operator on the artificial boundary Σ.
• k is a positive number representing the wavenumber.
• R (j) mn (kf, cosh ξ) is the radial spheroidal wave function of the jth kind corresponding to the (mn)th mode (see Chapter 4 in [9] ) where (m, n) ∈ N 2 such that n ≥ m.
• S mn (kf, cos ϕ) is the angular spheroidal wave function corresponding to the (mn)th mode (see Chapter 3 in [9] ).
• N mn is the normalization factor associated to S mn (kf, cos ϕ). N mn is given by (see Equation (3.1.32) p. 22 in [9] ):
• λ mn is the prolate spheroidal eigenvalue associated to the (mn)th mode (see p. 11 in [9] ).
• For a function F mn , we denote its restriction on Γ by:
Similarly, the restriction of F mn on Σ is denoted by:
• The partial derivative of the radial spheroidal wave function R (j) mn with respect to the variable ξ is denoted by R
• r mn| Σ are complex numbers given by:
are complex numbers given by:
Note that it follows from (5) and (6) that r
• Γ(·) denotes the Gamma function (see, for example, Chapter 6 in [1] ).
• || · || 2 is the euclidean norm.
The Acoustic Scattering Problem
We recall that the direct acoustic scattering problem by a rigid soundsoft scatterer Ω can be formulated as follows [7] :
where ∆ is the Laplace operator, u scat is the scattered field, and u inc is the incident plane wave. Note that u inc can be expressed in prolate spheroidal coordinates as an infinite series (see Equation (84) p. 386 in [18] ):
where the mnth Fourier mode u (j) mn (j = 1, 3, 4) is given by:
and the mnth Fourier coefficient d inc mn is given by:
ϕ 0 being the incident angle of the plane wave u inc , ε m = (2 − δ 0m ), and δ 0m is the Kronecker delta symbol. Furthermore, since the scatterer Ω is assumed to be prolate spheroid, the solution u scat of the exterior boundary value problem (7) is also expressed as an infinite series (see Equation (11.36) p. 422 in [6] ):
where the mnth Fourier outgoing mode u (3) mn (kf, cosh ξ, cos ϕ) is given by Equation (9) for j = 3, whereas the associated mnth Fourier coefficient d scat mn is given by:
Observe that it follows from substituting Equation (10) into Equation (12) that:
Note that the Dirichlet boundary condition characterizing the sound-soft nature of the considered scatterer is adopted here for the simplicity of the presentation. The present study and the obtained results can easily be extended to other admissible boundary conditions. 
Bounded Domain-based Formulation
We reformulate the exterior boundary value problem (7) in a bounded domain Ω b by surrounding the scatterer Ω with an artificial boundary Σ (see Figure 1) , and then by prescribing the new DtN2 absorbing boundary condition suggested in [3, 17] on the exterior boundary Σ. Consequently, the resulting boundary value problem is given by:
where n is the outward normal to the exterior boundary Σ, and T is the constructed second-order local approximate DtN operator. The differential-type operator T is given by [3, 17] :
Note that the field u DtN is an approximation of the exact scattered field u scat . The approximate scattered field u DtN can also be expressed as an infinite series. However, unlike the exact scattered field u scat , this approximate field is a superposition of outgoing modes
mn (kf, cosh ξ)) and incoming modes R (4) mn (kf, cosh ξ)).
More specifically, we have (see Equation (16) p. 233 in [14] ):
where u
mn (kf, cosh ξ, cos ϕ) (j = 3, 4) is given by Equation (9) . Observe that the incoming modes are spurious waves due to the reflections of the outgoing scattered field at the artificial exterior boundary Σ. In the absence of Σ or in the case of a perfectly nonreflecting boundary condition, the Fourier coefficients satisfy τ DtN mn = 0 and d DtN mn = d scat mn for all (m, n) ∈ N 2 such that n ≥ m. Therefore, the degree of transparency of this absorbing boundary condition, and thus the level of accuracy in the approximation as well as the computational cost, depend on (a) the magnitude of the coefficients |τ DtN mn | of the reflected waves, and (b) the magnitude of the difference |d DtN mn − d scat mn |. These two quantities become very small (resp. very large) as the intensity of the reflected waves at the boundary Σ are negligible (resp. very important).
Furthermore, the Fourier coefficients of the solution u DtN satisfy (see Theorem 3.1, p. 588 in [4] ):
where d inc mn is given by Equation (10) whereas the function Ψ (j) mn | Σ (j = 3, 4) is given by:
and the functions R 
Last, the Wronskian-like expression W
3,4
mn (Γ, Σ) is given by:
ANNOUNCEMENT OF THE MAIN RESULT
From now on, we assume that the semi-major and semi-minor axes satisfy respectively a Σ = σa Γ and b Σ = σb Γ . The positive real number σ, called the widening coefficient, satisfies σ > 1. Such an assumption implies that the two boundaries have the same eccentricity (e Σ = e Γ = e). Note that σ = 1 corresponds to the extreme case scenario where Σ ≡ Γ, the OSRC formulation [3, 13] . The following result describes the asymptotic behavior of the Fourier coefficient τ DtN mn corresponding to the high-order spurious modes u (4) mn . We have: Theorem 3.1 For all (m, n) ∈ N such that n ∼ σka Γ and m ≤ n, the reflection Fourier coefficients τ DtN mn given by Equation (17) satisfy:
where κ ≈ 1.086435 and the real number ζ satisfies 2 3
The following observations are noteworthy:
i. The asymptotic estimate given by (21) indicates that the highorder spurious modes decay exponentially in the high-frequency regime. This mathematical result proves that the effect of these spurious waves on the accuracy level of the approximation of the scattered field is negligible in the high frequency regime. Consequently, this result provides practitioners with the needed confidence to employ the proposed boundary condition on artificial boundaries that are "close" to the considered scatterer's boundary, leading therefore to small computational domains. Recall that a large computational domain may lead to a prohibitive computational cost since the accuracy requires a very fine mesh in the high frequency regime. ii. Theorem 3.1 demonstrates the superiority of the new DtN2 absorbing boundary condition given by (15) over the standard DtN2/BGT2 absorbing boundary. Indeed, in the high-frequency regime, the high-order spurious modes (propagating, evanescent, or grazing modes) induced by the standard BGT2/DtN2 boundary condition do not decay, as observed in [2] . Consequently, the use of this condition requires placing the artificial boundary very far from the obstacle in order to avoid the deterioration of the accuracy level due to the presence of the non physical incoming waves. We must point out that previous numerical studies [3, 4, 17] have already suggested that the new DtN2 boundary condition clearly outperforms the standard BGT2/DTN2 boundary condition. iii. Theorem 3.1 addresses the asymptotic behavior of the high-modes of the reflected parts of the field u DtN , that is the modes u mn such that n ∼ σka Γ and m ≤ n. The modes classification presented in Appendix A shows that these modes are of three types: propagating, evanescent, and grazing modes.
PROOF OF THEOREM 3.1
This section is devoted to the proof of Theorem 3.1. To this end, we proceed into three steps, each step is formulated as a Lemma. The first result describes the asymptotic behavior of the functions Ψ 
Proof of Lemma 4.1. Since the function Ψ 
ii. Next, we know that (see Chapter 4 p. 30 in [9] ):
where h 
where H (1) n+1/2 denotes the Hankel function of the first kind and of order n + 1/2 (see [1] , p. 355). Hence, for n ∼ σka Γ , it follows from Equations (25) and (26) that:
On the other hand, we know that (see (9.3.31 ) and (9.3.32) p. 368 in [1] ):
Hence it follows from substituting Equation (28) into Equation (27) that: (29) iii. Last, we derive the asymptotic behavior of r
given by Equation (6) . Observe that, (see (4.1.16) p. 32 in [9] ):
where the h 
where
n+1/2 denotes the derivative of the Hankel function of the first kind and of order n + 1/2 (see [1] , Chapter 9 & 10). Hence, for n ∼ σka Γ , it follows (see (9.3.5) p. 366 or (9.3.31)-(9.3.34) p. 368 in [1] ) that:
Consequently, we deduce from Equations (30)- (32), that:
The substitution of Equations (24), (29), and (33) into Equation (18) concludes the proof of Lemma 4.1. The next result states the behavior of the Wronskian-like operator W 3,4 mn (Γ, Σ), given by Equation (20) , for the high-order modes. 
where h
denotes the spherical Hankel function of the second kind of order n (see Chapter 10 in [1] ). On the other hand, we know that (see p. 437 in [1] ):
where H (2) n+1/2 denotes the Hankel function of the second kind and of order n + 1/2 (see Chapter 9 & 10 in [1] ). In addition, for n ∼ σka Γ and as ka Γ → ∞, we know that for j = 3, 4 we have (see (9.3.31)-(9.3.34) p. 368 in [1] ):
where Ai and Bi are the Airy functions (see p. 446 in [1] ), and ζ is defined by Equation (22). Moreover, we have (see Equation (10.4.9) p. 446 in [1] ):
where z = (σka Γ ) 2/3 ζ. On the other hand, the asymptotic behavior of the Airy function is given by (see (10.4 .59) p. 448 in [1] ):
where this time z = (σka Γ ) 2/3 ζ exp(±i2π/3). Hence, as ka Γ → ∞, it follows from Equations (35)- (39), that:
ii. The asymptotic behavior of Ψ 
together with the asymptotic behavior of c mn| Σ given by Equation (24). Hence, we have: (42) iii. Last, the proof of Lemma 4.2 results from substituting Equations (23), (40), and (42) into Equation (20) .
Last, we establish the asymptotic behavior of the radial spheroidal wave function of the first kind. 
where ζ is given by Equation (22). Proof of Lemma 4.3 First, observe that the asymptotic behavior of R
, as ka Γ → +∞, is given by (see Chapter 4 p. 30 in [9] ):
where j n denotes the spherical Bessel function of the first kind (see Chapter 10 in [1] ). In addition, we have (see p. 437 in [1] ):
where J n+1/2 denotes the Bessel function of order n + 1/2 (see Chapters 9 & 10 in [1] ). Hence, it follows from Equations (44)-(45) that:
On the other hand, for n ∼ σka Γ , we also have (see (9.3.6) p. 366 in [1] ):
where ζ is given by Equation (22) and Ai is the Airy function (whose asymptotic behavior is given by (see (10.4 .59), p. 448 in [1] ):
Hence, as ka Γ → ∞, it follows from Equations (47) and (48) that:
Finally, substituting Equation (49) into Equation (46) leads to: (17) ) that for all (m, n) ∈ N 2 such that n ∼ σka Γ and m ≤ n, we deduce that:
is given by Equation (10) and the real number ζ is given by Equation (22).
On the other hand, we know that the Fourier coefficient d inc mn corresponding to the incident plane wave satisfies (see Lemma 5.1 p. 247 in [17] or Lemma 3.13 p. 594 in [4] ):
where κ ≈ 1.086435 (see (22.14.17), p. 787 in [1] ). The substitution of Equation (51) into Equation (50) leads to the desired result, and therefore concludes the proof of Theorem 3.1.
SUMMARY AND CONCLUSION
We have investigated analytically the asymptotic behavior of the reflected high-order modes induced by the presence of the so-called DtN2 absorbing boundary condition when employed for solving exterior Helmholtz problems with prolate spheroid shaped scatterers. We proved that, contrary to the situation when the second-order Balyliss-Gunzburger-Turkel condition (BGT2) is used, these spurious modes decay exponentially in the high frequency regime. This result proves the effectiveness of the DtN2 boundary condition when employed for solving high-frequency acoustic scattering problems by elongated scatterers. It also demonstrates the superiority of the DtN2 condition over the widely used BGT2 boundary condition. Given that, this study suggests that DtN2 absorbing boundary condition is the primary candidate to be employed for solving high frequency scattering problems by elongated scatterers. 
